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S.1 Derivation of Result 1

Straightforward algebra can be used to verify that
C'R!C+D,,=B"B and CTR_ ly=B'b
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where B and b have sparse forms (2.9) with non-zero sub-blocks equal to
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Therefore, in view of (2.6),

[ @ ] = (B"B)"'B"b and Cov<: B D = (B"B)™..
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listed in (2.7) correspond to the non- X sub-blocks of A™* = (B? B)~! where A™! is given by
(2.10). The result follows immediately.

The sub-blocks of

S.2 Derivation of Algorithm 1

Algorithm 1 is simply a proceduralization of Result 1.

S.3 The Inverse G-Wishart and Inverse Y2 Distributions

The Inverse G-Wishart corresponds to the matrix inverses of random matrices that have a G-
Wishart distribution (e.g. Atay-Kayis & Massam, 2005). For any positive integer d, let G be an
undirected graph with d nodes labeled 1,...,d and set E consisting of sets of pairs of nodes
that are connected by an edge. We say that the symmetric d x d matrix M respects G if

M;; =0 forall {i,j} ¢FE.

A d x d random matrix X has an Inverse G-Wishart distribution with graph GG and parameters
¢ > 0 and symmetric d x d matrix A, written

X ~ Inverse-G-Wishart(G, ¢, A)
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if and only if the density function of X satisfies
B(X) o | X| (D2 exp{—Lir(A X 1)}

over arguments X such that X is symmetric and positive definite and X ! respects G. Two
important special cases are

G = Gy, = totally connected d-node graph,

for which the Inverse G-Wishart distribution coincides with the ordinary Inverse Wishart dis-
tribution, and
G = Gy = totally disconnected d-node graph,

for which the Inverse G-Wishart distribution coincides with a product of independent Inverse
Chi-Squared random variables. The subscripts of G;; and Gy, reflect the fact that X ~lisa full
matrix and X ! is a diagonal matrix in each special case.

The G = G case corresponds to the ordinary Inverse Wishart distribution. However,
with message passing in mind, we will work with the more general Inverse G-Wishart family
throughout this article.

In the d = 1 special case the graph G = Gy = Gy and the Inverse G-Wishart distribution
reduces to the Inverse Chi-Squared distributions. We write

x ~ Inverse-x2(&, \)

for this Inverse-G-Wishart(G ., &, A) special case with d = 1 and A > 0 scalar.

S.4 Derivation of Result 2

It is straightforward to verify that the pqg.,,) and Xyg.) updates, given at (2.12), may be
written as
BB <— (B'B)"'B"b and Xyg. «— (B'B)™

where B and b have the forms (2.9) with

o 1/2 ‘ 1/2
1/2 ”q(l/oﬁ)XZ “q(l/ag)Zgbu
Po1/02)Yi
m—1/25-1/2 O
m71/2251/2“3 B
= — —1/2,,1/2
bz = B'L = O m ,qu(l/o_gbl)IKgbl
o 0]
o (0]
and - b ]
Mﬂ(l/U?)Xi 'uq(l/ag)ZgrP,i
o 0]
1/2
M) o
1/2
0 Mq(l/agrp)IKgrP |

Result 2 immediately follows from Theorem 2.3 of Nolan & Wand (2020).




S.5 Derivation of Algorithm 2

We provide expressions for the g-densities for mean field variational Bayesian inference for the
parameters in (2.10), with product density restriction (2.11). Arguments analogous to those
given in, for example, Appendix C of Wand & Ormerod (2011) lead to:

4(8,u) is a N(pq(B,u)» Xq(8,u)) density function
where
Eq(ﬂ,u) - (CTRMFVBC + DMFVB) ! and /J‘q(,B,u) = Eq(,ﬂ,u) (CTR;Fil;By + OMFVB)
with Ry, D and oy, defined via (2.13),

q(0?) is an Inverse-x? (£4(52), Ag(o2)) density function

where §;,2) = v: + > ;" n; and
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where Cy; = [Xi Z i), Cyrpi = [Xi Zgyp,i], and with reciprocal moment j1q(1 /42y = €q(02)/ Aq(02)
q(agbl) is an Inverse-y? <£q (02" A q(agbl)) density function

where gq(o—gbl) = Vg + Ky and

2
Aq(ogbl) = (1) + gt 12+ 85 (Batan)
with reciprocal moment 1, /o2, =¢ a2y )/ Ao o2
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q(o grp) is an Inverse-x <§q (02 902 )> density function
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where fq(ggr = Vyp + MKy, and

2
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with reciprocal moment 1q(1 /52 ) = £q(02,,) /Aq o2)

q(X) is an Inverse-G-Wishart (Gru, £4(x), Aq(x)) density function

where fq(z) =vs+2+m

_ T
AQ(Z) - Mq(Ag:l) + Z (Hq(u]in/i)lllq(ulin,z’) + ECI(“]m,i)) )
=1

with inverse moment M 5,1y = ({yx) — 1)Aq_(12),
q(az) is an Inverse—XQ(fq(as), Ag(a.)) density function

where fq(%) =v:+1,
Ag(ac) = Hq(1/02) + 1/ (ves?)

with reciprocal moment 1q(1 /a.) = &q(az)/ Ag(ac)s
d(ag) is an Inverse-x? (&4 (ags)> )\Q(agbl)) density function

where £, o) = Ve + 1,
Aq(agbl) = Mq(1/g§bl) + 1/(ng18§b1)
with reciprocal moment pi4(; Jags) = fq(agbl) / )‘q(agbu)'

q(gp) is an Inverse-x*(q(agp)> Aq(agp)) density function

Where 5Cl(ag,rp) = ngp + 1’
)\q(agrp) = Mq(l/agrp 1/( grp grp)

with reciprocal moment f1q(; Jagp) = Eaag) / Ad(agp) and
q(Asx) is an Inverse-G-Wishart (G, £ as)s Aq(as)) density function
where {;a5) = vs +2,
Ay(ay) = diag{diagonal (M 5;1)) } + Aay

. . - 1
with inverse moment Mq(A;) = &q(As) Aq(Az;)



S.6  Approximate Marginal Log-Likelihood for Two-Level Models
The expression for the lower bound on the marginal log-likelihood for Algorithm 2 is

logp(y:q) =

m

T
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Derivation: The lower-bound on the marginal log-likelihood is achieved through the following
expression:

(S.1)

10g£<y7q) = Eq{logp<y7167ua 0—527a670—§b17agb170—g2rp7agrp727A2)

* 2 2 2
- log q (/67 u,o., g, Ugblv agbb O-grp7 agrp? za AE)}



= Eq{logp(y|B,u,02)}

+Eq{logp(187u|0gbl7 grp? )} E {]'qu (137 )}
+ Eq{logp(o? | ac)} — Eq{log q*(02)} + Eq{logp(ac)} — Eq{log q*(ac)}
+ Eq{log p(03, | ag)} — Eq{log q*(03,)} + Eq{log p(ag)} — Eq{log q*(agm)}
+ Eq{logp(02, | agp)} — Eq{logq*(02,)} + Eqflog p(agy)} — Eq{log q* (ag;)}
+ Eq{log p(X|As)} — Eq{IOg q" (X))} + Eq{IOgP(AE)} - Eq{IOg 9" (Ax)}.
First we note that
logp(y| B,u,ag) =-3 log(QW)Zni ~5 log(ag)Zni — EZHy .= ZUH2
i=1 i=1 € i=1
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Therefore,

Eq{Ing(y | Bvuv Ug)}

—3log(2m)> ni— 5 q{log }Zm
=1
“ B ulin,i
_%Mq(l/ag)z { Eq <yz - Cgbl,i [ " - Cgrp,i “ .
golz grp,t

=1
(O Coani Bq(Bugy)) T t(Clpi s =

grp,i — 8P/t (Ulin,iuugrp/i) )

T
16 ulin,i
CgrP ZCgb” Eq { < |: ugbl B uq(ﬂvugbl) ugrp,i B Hq(ulin/ivugrp,i))

The remainder of the expectations in (5.4) are expressed as:
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K K,
—5" Eq{log(a,)} — 5 Eq{log [Z[} — 752 Eg{log (o7, )}

—gtr <2ﬁ1 { (“q(m - “ﬁ) (“q(ﬁ) - “ﬁ)T + Xq(g) })

—3Hq(1/a2) {1 2 + () }

1 T
—5tr (Mq(z:l) {Z <u’t1(uhn,¢'uq(ulin,i) - Eq(“““ﬂ')> })

i=1

2
—5Hq(1/02) {||Hq(ugrp,i)) 17+ fr(xq(ugrp,i))}

i=1

2

+2tr

3

6



Eq{logg*(B,u)} = —3{2+ K +m(2+ Kyp)} — 5{2+ K +m(2 + Kyp) } log (2m)

—3 log |Zg|
E{logp(o?|a.)} = —iv.Eq{log(2a.)} —logD(v:/2) — (3v- + 1)Eq{log(c?)}
— 3 Hq(1/a)Ha(1/o2)
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Eq{logp(oZ, |agp)} = —3VepBq{10g(2a,)} — 108 T (Vg /2) — (50 + 1) Eqflog(o2,)}
— 3 Ha(1 /g Ha(1 /o)

Fulloga*(0%)} = ey ) 1080z 1/2) — 1og{T(3qion )} — (gon ) + 1) Eaflog(o%)}
~3X(02,) Ha(1/02,)
Eq{logp(ag)} = —3108(20ys2,) — log{T(1)} — (§ + 1) Eq{log(ag))
—{1/(20gp52) Htq(1 fagep)
Eq{logq*(a5)} = 3€q(agp) 198(Aq(agp)/2) — 108{T (5Eq(agp))} — (3€a(agy) + 1) Ea{log(agy,)}

1
§>\ (agrp)ﬂq(l/agrp)

Eyflog{p(B1A5)}] = —3(vs + 1)By{log | As[} — (s + 4) Eq{log|S[} — } log(r)
—3tr 1(M o acyMys-1)) = (vs +3)log(2)—Z?leogl“(%(yz+4—j))
Eqllog{a(2)}] = 3(&m) — Dlog|[Agm| — 5(6q) +2) q{log\2|} str(Age)y M ys-1))
(€ + 1) log(2) — }log(m) — 3, log T (} (€qmy +2 - 1))
Eqflog{p(Ax)Y] = ~3Fqflog|Asl) — 3 S50 1/ (s} ) (Mycag) . — 2108(2) — §log(r)

— Y51 1og (33 — )
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In the summation of each of these log p(y; q) terms, note that the coefficient of Eq{log(c?)} is
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The coefficient of Eq{log(agbl)} is
3K — g — 1+ 5602 + 1= —3 K — 30 — 1+ 3 (Vg + ) +1=0.
The coefficient of Ey{log(c2,)} is
— MKy — Vg — 1+ %fq(agrp) +1=—3mKyy — 5Vpp — 1 + 5 (Vgp + mKy,) +1=0.
The coefficient of Eq{log |X|} is

—% L)+ 5y +2) = —Smtvn +4) + Sm+vs +4) =0
The coefficient of E4{log(a.)} is
.-t -1+ ) tl=—tv.— s -1+ i+ +1=0.
The coefficient of Eq{log(agbl)} is
3V — 3 — 1+ 30 + 1= —3Vm — 5 — 1+ 5+ 1) +1=0.
The coefficient of Eq{log(agrp)} is
~ 3V — 35— 1+ 38(agy) T 1= —3Vsp— 3 — 1+ 5V + 1) +1=0.

The coefficient of Eq{log |As|}is
—%(1/2 + 1) — 5

Therefore, these terms can be dropped and the approximate marginal log-likelihood expression
in (S.1) results.

+ 5(Eqag) +2) = —3(vs +2) + 3(vx +2) =0.

S.7 Derivation of Result 3

If B and b have the same forms given by equation (7) in Nolan & Wand (2020) with

K7 [ 01X 0 Ly ]
0 O (Tlinm) PoplIy,
0 (0] (0
bij = 0 s Bij = 0] O )
0 (0] (0
0 (0] (0
O-a_lXij Ua_lzgrp ij [ Ungij Uglzgrp,ij ]
0] (0 (0 (@)
. ny Py 12 10 . o) 0]
Bi; = 12 and B;j = )
O 7 8rp.g Kgrp O O
0 O 2;1/2 o
(o) () o ag,;,,IKgrp ]

then straightforward algebra leads to
B'"B=C"R !C + D,,and B'b=CTR_ 'y
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where

O O
o G

and G as defined in (3.3). The remainder of the derivation of Result 3 is analogous to that of
Result 1.

C=[XZ], Dy.= [ ] and R, =21, (S.2)

S.8 Derivation of Algorithm 3

Algorithm 3 is simply a proceduralization of Result 3.

S.9 Derivation of Result 4

It is straightforward to verify that the Hq(B,u) and X3, updates, given at (2.12) but with D,
as given in (3.6), may be written as

BB < (B'B)'BTb and Xyg. < (B'B)™!

where B and b have the forms given by equation (7) in Nolan & Wand (2020) with

[ L i 1/2 1/2
“q(/l/a?)yij Hq(l/crg)X’ij Mq(l/gg)ngl,ij
s - - m - ~1/2
(Cm) 225 g (i) g 0
m . \—1/2 1/2
X © (2= ) Mq(l/";bl)IKgbl
bij = 0 , By = 0 o
0 o o
0 o o
0 o o
[ gy 12 T 1/2 S V7 S,
Mq{l/ag)Xij /’Lq(/l/o'g) grp/ij /’Lq(l/gg) ij Mq(l/a?)zgrp,z’j
(0 o) 0 o
(0] O O o
g
—1/2 1/2 0O 0
O n; ,LL 2 IKQ
g q(l/Ugrp,g) grp /9
M/ o
© o a=;h /
1/2
L 0 O ] O Mq(l/ogrp,h)IKgrp ]

Result 4 immediately follows from Theorem 3.3 of Nolan & Wand (2020).

S.10 Derivation of Algorithm 4

Algorithm 4 relies on expressions for the g-densities for mean field variational Bayesian infer-
ence for the parameters in (3.4) with product density restriction (3.5). We have

4(8,u) is a N(pq(8,u)s Xq(8,u)) density function
where

Sepw) = (C"R,.,C + D))"

- and  pagu) = ZqB.u)(CT Rl + Ouns)
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-1
with R, = “;(11 /ag)I , Oyevs = s ONB ] and D,,,, as given in (3.3),

q(ag) is an Inverse—x2 (§q(og), )\q(a'g’)) density function

where {;(,2) = ve + Yoy 23'11 05 and

2
g h
B WUy, 3 WUy i5
— g ' . "
Ago2) = Mq(1/ac) T E E E Yij — Conis [ ] = Copis [ 9 = Cpi h
i=1 j=1 Ugpi Wgrpi Warp.ij
m  n; ﬂ ug uh
lin,% lin,ij
J— g , . s
= Hq(1/ac) T E E Eq Yij — Cij o Cgrp ij g Cg‘P & h
i=1 j=1 | Ugb | [ Yepi | Ygrpis ]
— - r g J r h ]
B Uy g Uy, 35
g ¢ h "
+tr COVq Cgbl,ij + Cgrp ij g + C%"P ij h
| Uebl | L Uerpi | L Yemii |
‘ 2
m NG 16 ug uh
lin,i lin i j
= Hq(1/ac) T E E Eq (yij — Caij [ ] - Cgrpw [ g N Cgrp” [ h
i=1 j=1 Uenl Ugrpsi B

+tr(C Cgbl ij zq(,@,ugbl)) + tr((cgrp 17)Tczrp ij q(uﬁnri,ug )) + tr((CgrP ZJ)TC;P iJ q(uﬁn/ijvugrp/ij))

gbl,ij grp,i

r r T
ﬁ u%n/i
+21tr (Cgrp z]) Cgbl,ij EC[ { ( Ugyy - y’q(B,ugb]) u;;l?rpi - “q(uﬁn,i,ugrpri)

_ i T
h T ﬁ ’u’l}ibn/i j
+2tr (Cgrpw) Cyoiis Eq { ( | Uy } o HQ(ﬁ,ugb1)> ([ ugrp,;. ] o Mq(uﬁn,ij:ugrp,ij)) }]

9 i C? TCh [ uﬁnz uﬁn,ij g
+2tr | (Cgr)” Cops B ul,; ~ Ha(ul ) ul' Pl )

C! . =[X,; Z" .]and with reciprocal mo-

8rp/ ’LJ] 8Ip,ij grp/ij

where Cy,,; = [Xij Zgnis), C2, = [Xij Z7¢

8rp,ij
ment fiq(1/62) = q(02)/ Aq(o2);
q(agbl) is an Inverse-y? (fq (02" A q(agbl)) density function

where §q(ggbl) = Vg + Ky and

2
Aq(o2,) = Ha(1 fagr) T [ Hgugen |7+ tr (Zatun)

with reciprocal moment 1, /o2, §q(ggbl /(o 02)

q(a;p, ,) is an Inverse-y? (Eq(agrp,g)? )‘q(aérp,g)) density function

where §q(0§rp’. ) = Vgrp, g + MK and
)\q(ggrp,g) 'uq(l/agrp g) + Z {Hl’l’q r 1)” + tr (Eq(ugrpl))} b
=1
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2

q(%,) is an Inverse-G-Wishart (G, £q(s,), Aq(x,)) density function

with reciprocal moment f14(; J0200)

gq("grp g/ a(0Fm,6)

where {;» ) = Vs, + 2+ mand

Aq(zg) q(A_l + Z (“q(ulm z)uq(uhnl) + E (ulmz)> ’
=1

with inverse moment Mq(zgl) = (Co(zy) — 1)Aq_(12g)’

q(UgQrplh) is an Inverse-y? <§q 2 ) q(g )) density function

where é-q(o-;rp,h) = Vgrp,n + Ky hod o, n; and

M) = o + 203 (It P41 (B )
=1 j=1
with reciprocal moment 1, Jo2 ) = Sq(o2 ) [ Aq(o2 )’
8P, 8P/ &rp.ft

q(X,) is an Inverse-G-Wishart (Grui, 4(s:,,), Ag(x,)) density function

where {yx;,) = v, +2+ > ;" n;and

m n;

Aq(zh) - + Z Z <ll'q uhn'LJ lln ZJ) + 2 (ru'lmlj))

i=1 j=1
with inverse moment Mq(zgl) = (=) — 1)Aq_(12h),
q(ac) is an Inverse-x*(£y(a. ), Ag(a.)) density function

where {qq.) = ve + 1,
>‘q(a5) = (1/02) + 1/(1@8?)

with reciprocal moment 1q(1 /. = &4(az)/ Ag(ar)
q(ag) is an Inverse-x? (€44 agp)” )\Q(agbl)) density function

where gq(agbl) = Vg + 1,
A

alage) = Ha(1/o2,) T 1/ (Vi)
with reciprocal moment fiq(1 /a,,) = Sa(ag)/ Ma(ags)-
q(Ggp, o) 1S an Inverse—xQ(gq(agrP, o)» Aq(agm, o)) density function
where {y(ag, ) = Voo T 1
N(agp,a) = Ha(1/o2p,) + 1/ (Vap, o555, ,)
with reciprocal moment Ha(1/agp, o) = £ A(agep, o) /A A(agep, o) and
q(Ag,) is an Inverse-G-Wishart (Gdiag, &q( As,) Ay Azg)) density function
where fq(Azg) =vs, +2,

Agas,) = diag{diagonal(Mq(Zg,l))} +Aag,

11



-1

with inverse moment Mq(A)_:;) = gq(Azg)Aq(Azg)'

(g, ») is an Inverse-x? (&4 y) density function

Agrp, h)? )\q(agrp, h

where £y = Vgp,n + 1,

agrp, h)
Na(age, n) = Ha(1/2, ) T 1/ (Vgep, 1S 2ep 1)
with reciprocal moment pi4(; Jagm, n) = §q(agrp, ») / )\q(agrp, ,) and
q(As, ) is an Inverse-G-Wishart (Gdiag, Eq( As,) Ay AEh)) density function
where §q(A2h) =vs, +2
Agas,) = diag{diagonal(Mq(Egl))} +Aay,

-1

with inverse moment Mq(A;:i) = gq(AZh)Aq(AEh)'

12



S.11 Approximate Marginal Log-Likelihood for Three-Level Models

logp(y;q) =
é{ZZow—i—él}log ™) + {2+Kb1+m(2+f(§rp) dn (2+K;rp)}
=1 j=1 =1

l\‘)\)—l

m m
(Z ZO’L] + Ve + ngl + grp g + v, grp h) 10g< ) (2 +m + an + VEg + VEh) 10g(2>

i=1 j=1 =1

T
—5tr (2_1 {(Nq(m ~1p) (Hae) —1g) + Eqw)}) ~ 3l0g|Zp| + 3 log [Byp)|

< q(z 1)2 I’I’q ulm u’lgmL) + 2 (ulmz)>> 2/’Lq l/agrph ;]Zl {Hl’l’q(ugrp J ” + tr( grng))}
1 2
( =, )ZZ (“qwhw aad, ) T2 (zﬁm,p)) — 3ha(1/03,) {Huqmgbn” +tr(2q<ugb1>)}
=1 j=1

—éﬂqu/agrp,g)z {Hﬂq(ugrp,mHQ + tr(zq(ugrp,»)} - logf(%) = 3Ha(1/a:) Ha(1/02)

) 10g(;z<loz>) +10g{T(584(02))} + 3Aa(o2) a(1/02) — 3108(v52) — 5,57 Ha(1/a0) — 3a(ae) 108(Nq(ar))
+108{T(38q(0))} + FAa(ac) Ha(t/ae) — 08T (5) = S1q(1 fagn) Ha(1/02,) — Sato2) 108(Ng(o2,)

+log{I'(5¢ 20} = 5 log(vmsi,) + %)\q(agb])uqu/a;bl) - {1/(2ng15gbl)}:u’q(1/agbl) — 5€a(agy) 108(Ag(agy)
+log{T'(5 €q(agb1 )} + 5 A a(ag) Ha(1 /ags) — 3Ha(l fag, o) Ha(1/02, ) — 108 T(FE52) + log{T (564002, 1)}

T2 log( grp g grp ‘1) 2£q log()\q( 21' )) + 2)\C|( grpg)uq 1/Ugrpg {1/( grp gsgrp/g>}'uq 1/agrp,g)

rpg)
— 3€a(agm, 2) 108 Aq(agp, )+ 108{T (5aagp, o))} T 3 Ma(agep, o) La(1/agp, o) — 3Ha(1/agp, 1) a(1/02 )
8rp,
—log I(“5:%) +10g{T (5402 1)} = 3108 w50 1) = 3002 ) 108(Ng02. 1) + 3Aq(02 ) Ha(1/02
grp,h grp,h grp,h

grp h) grp, h)

_{1/(2Vgrprhsgrp,h)}'uq(l/agrp/h) - %gq(agrp,h) log()\q(agrp,h)) + log{r(%gq(agrp,h))} + iAq(Ggrp,h)'uq(l/agrp,h)

tr(Mq(Ag;)Mq(Egl)) + %tr(Aq(Eg)Mq(Efl)) — %tr(Mq(A;:i)Mq(E;l)) + %tr(Aq(gh)Mq(zgl))

+210gf 3(§qas,) +2 1)) Zlogf 3(s, +4 7)) = 5(&z,) — 1) log|Agcs,)]

2

+§ jlogré 2fj>>f%§ V(ve,s3, ) ( Myazty ) —> logT(3(3—4))
- =) ) S
= o

‘77
(5q (As,) — )1Og‘Aq(Az )|+ %tr(Aq(Az )Mq(A 1)

)

+Zlogf (5(6q(ax,) +2 1) Zlogf (5(vs, +4 1) = 3y, — Dlog|Ags,)]

2
+Zlogr (s +2 7)) — %Zl/(msih,» ( ) Z logI'(3(3
j=1 j=1

(S.3)
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—3(€a(ax,) — D1og[Agay )| + 3tr(Aqag, )My az1))

) 2
mo T J6] [TER ul
_l . g lin,i . h lin,3j
3ha1/02) ) D 4 || Ea (yij Cgnis [ ] Corpis [ , ] Comis [ "
i=1 j=1 Ugbi,i Ugrp,i atp,i

T
+r (Cgblzjcgbl ijECI(,&ugbl)) +tr <Cgrp is- Cgmisa ﬂn,i’ugrp,i)>

h h
ttr (Cgrp” ClsSaud. ,ij,ugrp,m)

- T
6 uﬁni
+2tr Cgrp ij Cgbl,ij Eq { ( g - Mq(ﬁ,ugbl) ugrp l‘l'q( lmi’ugrp,i))

- T
B fu’l}ibni
+2 tr C;"P ij Cgbl,ij Eq { ( i ugbl - “q(ﬁ’u’gbl) ugrpj “q(uhn ij? grp z]))

i r T
+2tr |Ce TCh Ui — Mo’ o uﬁn’” — (b h
8P/ 8T/ ZJ L ugrp q(u’lin,i ’ugrp,i ) ’u’grp q(ulin/ij ’ugrp,z‘j ) ) ’

Derivation: The lower bound on the marginal log-likelihood is achieved through the following
expression:

lOgE(yvq) = {logp(y Bvua 57a67 gbhagbl) grpg72q7agrp quEga grphvzha grp,h7A2h)

2 2
Iqu (B:u Ja7a€7 gblaagbla grpg72 agrp,gaAEga grphazha grp,h?AEh)}

= Eg{logp(y|B,u,0?)}
+%ﬂ%ﬂﬂuW@amwa%myhH—EﬁMNWﬂuH
+ Eq{logp(o? | ac)} — Eq{log q*(02)} + Eq{logp(az)} — Eq{log 4 (ac)}
+ Eq{logp(0Z, | agn)} — Eqflog a*(03,)} + Eq{logp(ag.)} — Eq{log q*(ag)}
+ Eq{logp(a2,, | agp, o)} — Eq{log a*(03,,)} + Eq{log p(agy, o)} — Eq{log " (agy, )}
+ Eqflogp(5, [ Az,)} — Eq{loga*(%,)} + Eq{logp(As, )} — Eq{logq*(As,)}
+ Eq{logp(0,, | G, o)} — Eqllog a*(05,,)} + Eq{log p(agp,n)} — Eq{log 4 (agp, 1)}
+ Eq{logp(Zh | Asx, )} — Eq{log ™ (2,)} + Eq{logp(Ax, )} — Eq{logq*(As,)}

(S.4)
First we note that
& 1
logp(y | B,u,02) = —*10g (27) ZZ% 10g DD 0ii— 5 5ly—XB - Zul?
i=1 j=1 =1 j=1 €

where

ly — XB — Zu|?

m  n;
— E E _ .3 — a9 g __ 7h 2
- ”yl] X'L] IB Zgbl,ij WUgpl,i Xl] WUy Zgrp ij grp X'L] ulm ij Zgrp ij grp ij H

i=1 j—1
m  n; ,6 g h 2
Ui 5 ; Wi s
= = C i - C? -C?
y’L] gblij grp,ij g grp,ij h
i=1 j=1 Ugpli Ugrp,i Werp,ij

and
Cgbl,ij = [Xij ZgbLij]? Ce = [XZ] zZ

8p,ij

ct .. =Xy Z! ..l

8rp/ ’LJ] 8Ip,ij grp,tJ

14



Therefore,

Eq{logp(y | B7u7 Ug)}

=—1 log(QW)Z Zoij q{log }Z ZO%J
i=1 j=1 =1 j=1
—gHa(1/e) D )

g h
B8 WUy, 3 WUy i
. _ g 9 _ h 1]
Eq <yz‘j Cgbl/ij [ ] Cgrp,ij [ B Cgrp,ij N
i=1 j=1 Ugpl,; Ugrp,; Ugrp,ij

T
+tr <Cgbl ij Cgbl ij 2q(ﬁ7ugbl) > + tr <Cgrp ij Cgrp ij Eq('u'ﬁnll 7ugrp,i) )

m  n; 2

+tr(ch TCh B )>

grp,ij grp,ij u’lin,ij 7ugrp,ij

- T
B uﬁn,i
+21tr ngrp ij Cgbl,ij Eq { ( Uy - I'l’q(ﬂugbl) uggrp - /"’q(uﬁn,i,ugrp,i))

~ T
ﬁ ’u’l};n/i j
+2tr C;p i Cgbl,i]’ Eq { ( U ~ Pq(Bugy) Ugrpj — /Lq(%ﬁbn,ij’“grp,ij))

2 Cg TCh E [ ulgl,nz u{ibn,ij g
+2tr | Cgris” O ug ~ Hauf,ud) uf;p B uq(uﬁn/ij’ugrp,ij))

The remainder of the expectations in (S.4) are expressed as:

q{logp(ﬁ7 u | Ugbl7 grpg’ 29’ Ugrph’ 2 )}

—3{2+ Kg+m(2+ K2 )+ (2 + Kp) Z n;}log(2m) — £ log | Xg| — 5K Eq{log( gbl)}

grp

—g3m (Eq{log |2, [} — K2, Eq{log(0,,)}) — 5 (Eq{log [E,]} — K, Eq{log(af,,,) an

2
~ 3t1q(1 /020 { et I? + 0 (Stug) } = $1a(1/o3,,,) ;{”“q I +tr(2q<u§rp,i>>}
gz 0D g I+ (S )
2Ha(1/02, ;) alul, a(ufe, ;)
i=1 j=1

—3tr <251 { (Ha(e) — 115 (ﬂq(m - Hﬁ>T + X })
_%t ( {Z (N’q(uhn H’q (uf, ;) + zq(ulmz)) })

1
_it q(zh Z Z (“q u’hnzj ulm 1]) + 2 (1"'11117,])) ’

=1 j=1

Eo{logg*(B,u)} = —332+ Kg+m(2+K2)+(2+KL) Zn} {1 +log(2n)}

—310g [Zqau);

Expressions for Eq{log p(0? | ac)}, Eq{log a*(02)}, Eq{log p(ac)}, Eq{log a*(ac)}, Eq{log p(og, | aga)},
Eq{log q*(o gbl)} Eq{logp(ag)} and Eq{logq*(ag)} follow the same form as shown from the

derivations in the two-level case.
Following on, we have

Eq{logp(ggrp,g ’agrp,g)} = _%Vgrp,gEq{log@agrp,g)} log T'(v, Verp, 9/2) (2 8P, g 1)Eq{log(gg2rp,g)}

1
_i’uq(l/agrp/ g)’uq(l/ogrp,g) ’
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Eafloga"(02,,)} = Sqor, ) 108z, 1/2) — og{T(hqon. 1)} — (M) + D Eflog(o2,,))
— 5N (02 ) Ha(1/02 )
Eq{logp(agy )} = —3108(2W4 452, ,) —1og{T(3)} — (5 + 1) Eq{log(ayy ,)}
{1/ (2Wp, o525, o) Hha(1 fagep, o)
Eq{1og 0" (agp 0)} = 5Eqtagm o) 108X a(agp,0)/2) = 108{T (5¢q(agp o))} — (3Eaagp, o) + 1 Eq{l0g(agp, )}

_%)\q(agrp,g)MQ(l/agrP g)?
Eqllog{p(2,|As,)}] = —3(vs, +1)Eq{log|As, |} — 5(vs, +4)Eq{log |§239\} - %k;g(ﬂ) .
_%tr(Mq(A;:;)Mq(zg ) — (V);;g +3)log(2) — > 1ogT'(3(vs, +4—1)),
Eqllog{a*(2,)} = 5(8qrs,) — DloglAges,)| — 5(Eqz,) + 2)Ea{log [Z,[} — 5tr(Ags,) Ms-1))
—(€q(z,) + 1) log(2) — 5 log(m) — Z] 1 1og D(5(Eqem,) +2 — 7))

Eqllog{p(Asz,)}] = —3Eq{log|As,|} — 5351 1/(ve,s2, ;) <M q(z“ié)) T 2loe(2)
ij
— 1 log(m) — 2]2‘:1 log T'(3(3 = 7)),

and

Byllog{a*(As,)}] = 3(qas,) — 1 1og|Agax, )l — 3(Eqax,) +2)Eq{log |As, [}
~Ltr(A, a(As, )Mq(AE; ) = (§q(as,) + 1) 10g(2) — 5 log(r)

— Y1 log T (5 (Eqeas,) +2 — ).

In addition, the expressions for Eq{log p(02,, | agp, 1)}, Eq{log a*(02,,)}, Eq{log p(agp, 1)}, Eq{log q* (agp, 1)},
Eqllog{p(X|Ax, )}, Eqllog{a(X,)}], Eqllog{p(Asx,)}], E4llog{q(Asx,)}], are similar to the ones

shown above.
In the summation of each of these log p(y; q) terms, note that the coefficient of Eq{log(c?)}

is
m g

m  n; m  n;
—%Z Zoij — v — 143840 +1= —%Z Zoij — v — 1+ 5+ ZZOU) +1=0.

i=1 j=1 =1 j=1 i=1 j=1

The coefficient of E4{log(c3,)} is
R~ W~ 14 Yoy +1 = 1 o — 1 Y ) 4120,

The coefficient of E,4{log(c? o)) 18

1 —
MK~ 5Vpo = 1+ 58q02,,) T 1= —5mKg, = 5V — 1+ 5 (Vg g + mKg,) +1=0.

&rp

The coefficient of E,4{log(c? aon) ) 18
grpznl 9 Verp, n 1+ £cl +1 -2 grpznl 9 Verp, n 1+2 ( Vgrp,n + grPZn’) -

The coefficient of E,{log |X,|} is

m
_5 - %(Vzg +4) + %(éq(ﬁg) + 2) = _%(m—i_ Vs, +4) + %(m_’_ Vg +4) =0.

The coefficient of E,{log |X,|} is

m

m m
3> i — 3(ve, +4) + (s T2) = —3 (an + s, + 4) +3 (an + s, + 4) =0.

=1 i=1
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The coefficient of E4{log(a.)} is
-l tl=-tre—3-1+3@.+1)+1=0.
The coefficient of E;{log(ag.)} is
3V — 3 — 1+ 3 F 1= 3V — 5 — 14 5+ 1) +1=0.

The coefficient of Fq{log(agy, ,)} is

~ 50— 35— 1+ 38q(agme) T 1= —3Vemo — 3 — L+ 3(Ugp o+ 1) +1=0.
The coefficient of Eq{log(agy 1)} is

—5Vemn = 5 — 1+ 5atagpn) F 1= —3Vsmn — 3 — 14+ 5V + 1) +1=0.
The coefficient of Eq{log|Ax, |} is

3
=3, +1) = 5 + 3z, +2) = —3(vs, +2) +5(vs, +2) =0.
The coefficient of E4{log|Ax, |} is

3
_%(Vzh +1) - D) + %(fq(Agh) +2) = _%(Vzh +2)+ %(Vzh +2)=0.

Therefore these terms can be dropped and the cancellations led by the above expectations lead
to the lower bound expression in (S.3).

S.12 The SOLVETWOLEVELSPARSELEASTSQUARES Algorithm

The SOLVETWOLEVELSPARSELEASTSQUARES is listed as Algorithm A.2 in Nolan et al. (2020) and
based on Theorem 2.3 of Nolan & Wand (2020). Given its centrality to Algorithms 1 and 2 we
list it again here. The algorithm solves a sparse version of the the least squares problem:

min ||b — Bz|?
xr

which has solution £ = A~ BTbwhere A = B’ B where B and b have the following structure:

B, |B/|O| |0 by
By | O |By|---| O by

B = and b= [—1/. (S.5)
B,|o|o| - |B,, | by |

The sub-matrices corresponding to the non-zero blocks of « and A are labelled according to:

1 All A12’1 A12,2 . A12,m
o1 A12,1T A22’1 X L. X
T=| @y, | and A7'=| A41227] X [422| .| X (S.6)
T2.m AlQ,mT X X . A22,m

with X denoting sub-blocks that are not of interest. The SOLVETWOLEVELSPARSELEASTSQUARES
algorithm is given in Algorithm S.1.
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Algorithm S.1 SOLVETWOLEVELSPARSELEASTSQUARES for solving the two-level sparse matrix least
squares problem: minimise |b — B x||? in x and sub-blocks of A~ corresponding to the non-zero
sub-blocks of A = BT B. The sub-block notation is given by (S.5) and (S.6).

Inputs: {(bl(’fll X 1), Bz(ﬁz X p), Bl(fbl X q)) 01 < ) < m}
w3 «— NULL ; Q4 «—— NULL

Fori=1,...,m:

Decompose éi =Q; [ Igl } such that Q; ' = Q] and R, is upper-triangular.

coi —— QI'b; ; Coi— QI B;

. .. w
c1; < first g rows of ¢p; ; ¢€g; «—— remaining rows of ¢p; ; w3 «— [ . 3 }
2i

Cy; — first grows of Cy; ; Cg; «— remaining rows of C; ; €2y «— [ C4 }
2i

Decompose 24 = Q [ 102

} such that Q! = Q" and R is upper-triangular.

¢ «— first p rows of Qng s x;— R e ; A RT'RT
Fori=1,...,m:
Lo —— Ri_l(cli —Chizx1) ; A —AH(RZ-_ICM)T
A% RVRT - CuA)

Output: (ml,All, {(mg,i,Am’i,Am”) 1<i< m})

18



S.13 The SOLVETHREELEVELSPARSELEASTSQUARES Algorithm

The SOLVETHREELEVELSPARSELEASTSQUARES, listed as Algorithm A.4 in Nolan et al. (2020) is a
proceduralization of Theorem 3.3 of Nolan & Wand (2020). Since it is central to Algorithms
3 and 4 we list it here. The SOLVETHREELEVELSPARSELEASTSQUARES algorithm is concerned with
solving the sparse three-level version of

min ||b — Bz|?
x
with the solution x = A~!BTb where A = BT B where B and b have the following structure:

B = { stack { stack (Bij)} ’blockdiag {[155?21;(3”) | blockdiag(éij)} H (S.7)

Isism % lsjsng 1<i<m 1<j<n;

and

b= 15255 { 1S£?§17§i(bij)}' (S5.8)
The three-level sparse matrix inverse problem involves determination of all sub-blocks of x
and the sub-blocks of A™! corresponding to the non-zero sub-blocks of A. Our notation for
these sub-blocks is illustrated by

T

21

211

T212

22

221

2,22

2,23

(S.9)
All A12’1 A12’11 A12’12 A12,2 A12,21 A12,22 A12,23

A12’1 T A22’1 A12’1’1 A12’1’2 X X X X
A12,11T A1271’1T A22’11 X X X X X
A12,12T A1271’2T X A22’12 X X X X

and A~! =
Al22T X X X A222 | A12:21] 412.22| 412,23
A1221T X X X |A1221T] 42221 % X
Al1222T X X X |A1222T| x| 42222 X
A1223T X X X |A1223T| X X | A22.23

for the m = 2, n; = 2 and ny = 3 case. The X symbol denotes sub-blocks that are not of
interest. The SOLVETHREELEVELSPARSELEASTSQUARES algorithm is given in Algorithm S.2.
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Algorithm S.2 SOLVETHREELEVELSPARSELEASTSQUARES for solving the three-level sparse matrix least
squares problem: minimise ||b — B x||? in = and sub-blocks of A™! corresponding to the non-zero
sub-blocks of A = BT B. The sub-block notation is given by (S.7), (S.8) and (S.9).

Inputs: { (b;;(6:; x 1), Bij(0;; X p), Bij(0ij x q1), Bij(6ij x q2)) : 1 <i<m, 1<j<n;}
w7 «— NULL ; Qg +«— NULL
Fori=1,..., m:

wg «— NULL ; Q9 «— NULL ; €; «— NULL

Forj=1,...,n;

Decompose Eu =Q,; [ 0

] such that Q;jl = QE and R;; is upper-triangular.
T ) T 7 T 5
doij — Qi;bij 3 Doij «— Q;;Bij ; Doij — Q;;Bij
dy;; < 1st g rows of dy;; ; do;; < remaining rows of do;j ; wg «— { ;9 }
2ij

D,;; «— 1st go rows of Dy;; ; D;; «— remaining rows of Dy;; ; Q19 «— [

L] . . .
Dy;; «— 1st go rows of Dy;; ; Do;; «— remaining rows of Dy;; ; Q11 «—

)

Decompose €211 = Q; { 0

} such that Q; ! = Q] and R, is upper-triangular.
coi — Qfwy ; Coi — Q] o

.. w
ci; «— 1st ¢ rows of cg; ; c2; «— remaining rows of cy; ; wy «— [ c 7 }
2i

C1i — 1st gy rows of Co; ; C; «— remaining rows of Co; ; s «— [ gs }
21

Decompose 25 = Q [ 10%

} so that Q' = Q* and R is upper-triangular.
¢ «—— first p rows of QTw7 cx— R 'e ; AY — R'RT
Fori=1,...,m:
To; Rfl(cu —CLx1) ; A *AH(R;lCu)T
A% RTYRT - A
Forj=1,...,n;
L2535 < Ri_jl(duj - Dlijwl - blijiﬂz,i)
A2 _ {Ri_jl(DlijAH i D.ujAm’iT)}T
Al20d {R;jl(DlijA]-Zi n blijAggﬂﬂ)}T
A22i5 Ri_jl(Ri_jT — Dy A blijAw,i,j)
Output: (scl, A (20, AP, AP 1< < m})

{(wz,z'j,A22’ij7A12’ij,A12’i’j) :1<i<m,1<5< ﬂz})
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